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Abstract 

In semiclassical gravity, the final state of black-hole evaporation cannot 
be described by a pure state. Nevertheless, we point out that the system 
can be described by a generalized pure state, which is not defined on a 3- 
dimensional hypersurface but on the 4-dimensional spacetime describing the 
whole Universe at all times. Unlike the conventional quantum state, such a 
generalized state treats time on an equal footing with space, which makes it 
well suited for systems that are both quantum and relativistic. In particular, 
such a generalized state contains a novel type of information encoded in the 
correlations between future and past, which avoids the black- hole information 
paradox. 
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Semiclassical gravity predicts that black holes evaporate [1] and that the final state 
after the complete evaporation cannot be described by a pure state [2], making the 
time evolution of the system non-unitary. Various attempts to restore a unitary time 
evolution have been proposed (see, e.g., [3, 4, 5, 6, 7, 8, 9, 10] for reviews), but none 
of them seems completely satisfying. On the other hand, the idea that fundamental 
dynamics should allow time evolution from a pure to a non-pure (i.e., mixed) state 
[2] is usually discarded due to serious pathologies that occur [11]. 

In this essay we present a simplified explanation of a novel way out of this problem 
recently proposed in [12]. 1 We show that it is possible to allow the possibility that 
a given time cannot be described by a pure state, and yet to avoid pathological 
dynamics describing evolution from pure to mixed states. We do that by avoiding the 
concept of "time evolution" itself, or more precisely by replacing the concept of time 
evolution with something more general. While a generalization of the concept of time 
evolution may seem unjustified at first sight, we point out that such a generalization 
emerges naturally and almost trivially from the requirement that time in quantum 
theory should be treated on an equal footing with space. The latter requirement 
hardly needs additional justification, because treating time on an equal footing with 
space lies in the root of the theory of relativity, both special and general. 

The basic idea is simple. An n-particle state is usually described by a wave 
function of the form "0( x i> . . . ,x n ,t). Clearly, in this usual description time is not 
treated on an equal footing with space; there are n space coordinates x a , a = 1, . . . n, 
while there is only one time coordinate t. A natural thing to do is to introduce a many- 
time formalism [15], in which the wave function generalizes to VK x i> *i • • • > x n> 
Then the usual single-time wave function is only a special case defined by 

V>(xi, . . . ,x n ,t) = ^(xi,ti . . . ,yL n ,t n )\ tl= ... =tn=t . (1) 

Introducing the relativistic notation x = (x, t), the many-time wave function can be 
written in a manifestly relativistic form ip(xi, . . . ,x n ). While the single-time wave 
function V( x i> • • • > x n> t) describes the correlations between particles at a common 
time, the many-time wave function ip(xi, . . . , x n ) describes the correlations between 
particles at different times. The separation between different points x a does not even 
need to be spacelike, but may be null or timelike as well. Therefore, unlike the usual 
single-time wave function, the many-time wave function may describe the correlations 
between future and past. 

The probabilistic interpretation of wave functions can also be generalized such that 
time is treated on an equal footing with space [16]. The (infinitesimal) probability that 
n particles will be found in an infinitesimal configuration-space volume d 4 Xi ■ ■ ■ d 4 x n 
around the points x 1 , . . . , x n is equal to 

dP=\iP(x 1 ,...,x n )\ 2 d 4 x 1 ---d 4 x n . (2) 

(More precisely this is valid in Minkowski spacetime, while in curved spacetime one 
replaces d 4 x with d 4 x \ g(x)\ 1 ^ 2 , where g(x) is the determinant of the metric tensor.) 

1 A qualitatively similar idea based on a completely different formalism has also been introduced 
in [13, 14]. 
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This is the a priori probability, describing the situation in which nothing, except 
the wave function ij)(xi, . . . ,x n ), is known about the spacetime positions of detected 
particles. On the other hand, if one knows that all particles are detected at the 
specific time ti — • • • — t n — t, then the a priori probability should be replaced 
by the conditional probability. The a priori probability (2) implies the conditional 
probability 

|^(xi, . . . ,x„,t)| 2 ci 3 a;i • • -d 3 x n 

«^(3n) = , (.O) 



where 



= J \i/j(xi,...,Xn,t)\ 2 d 3 x 1 ---d 3 x n (4) 

is the normalization factor. Thus, the usual familiar probabilistic interpretation in 
space (3) is nothing but a special case of the general probabilistic interpretation in 
spacetime (2). 

Note that (2) implies that the time-coordinate is also treated as a quantum vari- 
able, in the same sense as the space-coordinate. This has the following geometrical 
interpretation. While the usual wave function ip{x.i, . . . ,x n ,t) with t treated as an 
external parameter represents a state on a given 3-dimensional spacelike hypersurface 
having a constant t, the generalized wave function ip(xi, . . . , x n ) interpreted according 
to (2) represents a state on the whole ^-dimensional spacetime describing the Universe 
at all times. 

The above can also be generalized to quantum field theory (QFT), in which the 
number of particles may be uncertain. An arbitrary QFT state can be written as a 
superposition of states with different definite numbers n — 0, 1, 2, 3, ... of particles. In 
this way, a QFT state can be represented by a wave function ijj(xi,X2, ■ ■ ■) depending 
on an infinite number of coordinates x a [17]. 

Now it is easy to understand how the black-hole information paradox gets re- 
solved. For simplicity, we consider a single pair of entangled particles, where one 
particle is inside and the other particle is outside of the black hole. (A more re- 
alistic treatment with an uncertain number of particles is also possible [12].) The 
basis of wave functions for the inside particle is denoted by {ip\ m \x- m )}. We assume 
that the black hole, here treated as a classical background, evaporates completely 
at time t = t cv3iP . Therefore the inside particle does not exist for t > t cv3iP , or more 
precisely the probability of finding the inside particle in the region t > t cvap vanishes. 
Consequently, 

^ (in) (x in ,t in )|, in>tcvap = 0. (5) 

The basis of wave functions for the outside particle is denoted by {^"^(^out)}, so the 
most general wave function describing an entanglement between the inside particle 
and the outside particle has a form 

^(X in , X out ) =J2J2 C lk^l m) (Xin)lPk Ut) (Zout) • (6) 

I k 

This pure state can also be described by the pure density matrix 

p(x- m , x ou t\x- m , x out ) = ip(x- m , x ou t)ip (x- m , x oui ). (7) 
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The outside state is described by the mixed state 




where the factor ^(^m)! 1 ^ 2 is incorporated because we work in curved spacetime. 
From (6) and (7) we see that the system can be described by a pure state even after 
the complete evaporation. However this description is trivial, because (5) implies 
that (6) and (7) vanish for £ in > t C va P - Still, even a nontrivial pure-state description 
for t out > ^cvap is possible, provided that U n is restricted to the region t in < t evap . 
In this case (6) and (7) describe the correlations between the outside particle after 
the complete evaporation and the inside particle before the complete evaporation. 
In other words, if one asks where the information after the complete evaporation is 
hidden, then the answer is - it is hidden in the past. Of course, experimentalists 
cannot travel to the past, so information is lost for the experimentalists. Yet, this 
information loss is described by a pure state, so one does not need to use the Hawking 
formalism [2] in which a state evolves from a pure to a mixed state. By avoiding this 
formalism one avoids its pathologies [11] too, which may be viewed as the main 
advantage of our approach. 

The idea above can also be incorporated beyond semiclassical gravity. The main 
requirement is to have many time-degrees of freedom. This requirement is achieved, 
e.g., by canonical approaches to quantum gravity, including loop quantum gravity 
[18]. In such approaches the state satisfies the Hamiltonian constraint Ti.tp\g,(f>] = 0, 
where g and represent the gravitational and matter degrees of freedom, respectively. 
Some of the matter degrees of freedom are interpreted as the "clock" time, so we write 
4> = (<f)', T). The clock-time variable T may contain many local degrees of freedom, 
with a different time for degrees of freedom inside and outside of the black hole. 

String theory can also incorporate this idea. Instead of a QFT state represented by 
a wave function i/)(xi, £2, •••) with an infinite but discrete set of coordinates x a , a state 
in string theory is represented by a wave functional ^[x(cr)] where the discrete label a 
is replaced by a continuous label a. By allowing x^[o) to be a discontinuous function, 
the wave functional tjj[x(a)] may describe not only 1-string states, but many-string 
states as well [19]. 

In short, whenever the quantum theory is formulated such that time is a local 
variable quantized as one of the degrees of freedom, then time inside the black hole 
is not the same variable as time outside of the black hole. Such systems can be 
completely described by pure states even when not all information is available at a 
given spacelike hypersurface. Even though information may be lost at times after 
the complete black-hole evaporation (as, indeed, the original Hawking semiclassical 
analysis [1] suggests), the existence of a pure-state description of this information 
loss avoids the use of Hawking formalism [2] in which a state evolves from a pure to 
a mixed state. By avoiding this formalism one avoids its pathologies [11] too. This 
makes the information-loss scenario a viable possibility and there seems to be nothing 
fundamentally ill about it. 
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